In this paper, we establish some endpoint estimates for the commutator, ½b; T , of a class of Calderó n-Zygmund type operator, such as the weak type L log L estimate, weak type ðH 1 ; L 1 Þ estimate and some estimates in the Hardy type spaces associated with b, where b A BMOðR n Þ.
Introduction
Calderó n-Zygmund operators and their generalizations on Euclidean space R n have been extensively studied [1] [2] [3] [4] . In particular, Yabuta [3] introduced certain y type Calderó n-Zygmund operators to facilitate his study of certain classes of pseudo-di¤erential operator. In this paper, we study the commutator of the following so-called y type Calderó n-Zygmund operator. Definition 1. Let y be a non-negative non-decreasing function on R þ with Ð 1 0 yðtÞt À1 jlog tj dt < y. A measurable function K on R n Â R n nfðx; xÞ : x A R n g is said to be a y type kernel if it satisfies (i) jKðx; yÞj a Cjx À yj
Àn for x 0 y;
(ii) jKðx; yÞ À Kðz; yÞj þ jKð y; xÞ À Kðy; zÞj a Cyðjx À zj=jx À yjÞ jx À yj n , for jx À zj < jx À yj=2.
Let T be a linear operator from SðR n Þ into its dual S 0 ðR n Þ. We say T is a y type Calderó n-Zygmund operator if
(1) T can be extended to be a bounded linear operator on L 2 ðR n Þ; (2) There is a y type kernel K such that T f ðxÞ ¼ Ð supp f Kðx; yÞ f ðyÞ dy for all f A C y 0 ðR n Þ and for all x B supp f , where C y 0 ðR n Þ is the space of all infinitely di¤erentiable functions on R n with compact supports.
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Remark 1. The y type Calderó n-Zygmund operator introduced in Definition 1 is a special case of operator which is introduced by Yabuta, so the results for Yabuta's operator also hold for our operator. The following lemma is a result in [4] . Lemma 1. Let y be a non-negative non-decreasing function on R þ with Ð 1 0 yðtÞt À1 dt < y. Let T be a y type Calderón-Zygmund operator. Then the following conditions are equivalent:
(1)
n Þ to BMOðR n Þ; (4) T is a bounded operator from L q ðR n Þ to WL q ðR n Þ for some q A ð1; yÞ; (5) T is a bounded operator on L q ðR n Þ for some q A ð1; yÞ; (6) T is weak type ð1; 1Þ.
In this paper, we establish some endpoint estimates for commutator of the y type Calderó n-Zygmund operator:
where b A BMOðR n Þ. Most the notation that we use is standard. Q will always denote a cube with sides parallel to the axes, lQ ðl > 0Þ denotes the cube Q dilated by l. For a locally integrable function f , f Q denotes the average of f on Q : f Q ¼ ð1=jQjÞ Ð Q f ðyÞ dy. As usual, a function A : ½0; yÞ ! ½0; yÞ is said to be a Young function if it is continuous, convex and increasing and satisfying Að0Þ ¼ 0, AðtÞ ! y as t ! y. We define the A-average of a function f over a cube Q by means of the following Luxemberg norm:
The generalized Hö lder inequality 1 jQj
holds, where A be the complementary Young function associated to A. It is well known that AðtÞ A exp t with AðtÞ ¼ tð1 þ log þ tÞ. The maximal function associated to AðtÞ ¼ tð1 þ log þ tÞ was defined as
The maximal function associated to AðtÞ ¼ t is the well-known Hardy-Littlewood maximal function.
where M ] be the well-known Fe¤erman-Stein's Sharp maximal function:
Following the results in [6] , the L p ð1 < p < yÞ boundedness for commutator ½b; T is the corollary of the following Sharp function estimates.
Lemma 2. Let T be a y type Calderón-Zygmund operator and 1 < p < y.
Proof. For any x A R n and any cube Q with x A Q, let x 0 be the centre of Q, and
By the L p boundedness of T and the Hö lder inequality, we have 1 jQj
When y A Q, we apply the condition of y to get that
This implies that 1 jQj
Thus, we obtain that
This completes the proof of Lemma 2. 
Following the ideas of Pérez [9] , we only need prove the following two Sharp function estimates.
Lemma
We write
To estimate I 1 , we use the Hö lder inequality with exponents r and r 0 where 1 < r < e=d:
a Ckbk Ã M dr ðT f ÞðxÞ a Ckbk Ã M e ðT f ÞðxÞ:
zongguang liu and shanzhen lu
Since T is of weak type ð1; 1Þ and 0 < d < 1, the Kolmogorov inequality implies
In the last inequality, we use the estimate that kb À b Q k exp L; Q a Ckbk Ã , it is equivalent to the inequality 1 jQj
it is just a corollary of the well-known John-Nirenberg inequality. Then the Jensen inequality and the Fubini theorem yield
jKðy; wÞ À Kðz; wÞj jðbðwÞ À b 2Q Þ f ðwÞj dwdzdy
This completes the proof of Lemma 3.
Using a similar method, we can establish the following Sharp function estimate and omit the details. Now, we establish the weak type ðH 1 ; L 1 Þ estimate for ½b; T .
Theorem 2. Let b A BMOðR n Þ and T be a y type Calderón-Zygmund operator. Then the commutator ½b; T is a bounded operator from
Proof. For any given f A H 1 ðR n Þ, by atomic decomposition we get f ¼ P y j¼1 l j a j , where each a j be a ð1; y; 0Þ atom with k f k H 1 ðR n Þ ¼ infð P y j¼1 jl j jÞ. We may assume that f is a finite sum
Once Theorem 2 is proven for such f , for general f is the limit of this kind of f k (in H 1 norm or almost everywhere sense) where f k are finite sums having forms of P Q l Q a Q , Theorem 2 follows by a limiting argument, using the L 2 -boundedness of ½b; T . It is convenient for us to assume that each Q (the supporting cube of a Q ) in the given atomic decomposition of f is dyadic and l Q > 0. For fixed l > 0 and the finite collection of dyadic cube Q and associated positive scalars l Q > 0 in the given atomic decomposition of f , by Lemma 4.1 in [5] , there exists a collection of pairwise disjoint dyadic cubes S such that
Thus, we only need prove following inequality
For any fixed cube Q ¼ Qðx Q ; r Q Þ, by moments condition for a Q we have 
